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Abstract. In this paper, the notion of universal enveloping algebra intro- 
duced in [A. Ardizzoni, A First Sight Towards Primitively Generated Con- 
nected Braided Bialgebras, submitted. ( arXiv:0805.3391 if3)] is specialized to 
the case of braided vector spaces whose Nichols algebra is quadratic as an alge- 
bra. In this setting a classification of universal enveloping algebras for braided 
vector spaces of dimension not greater than 2 is handled. As an application, 
we investigate the structure of primitively generated connected braided bialge- 
bras whose braided vector space of primitive elements forms a Nichols algebra 
which is quadratic algebra. 



Let if be a fixed field. A braided vector space (V, c) consists of a vector space V 
over K and a if-linear map c : V(^V ^ ViS)V, called braiding of V, which satisfies 
the quantum Yang-Baxter equation l|2.ip . A braided bialgebra is then a braided 
vector space which is both an algebra and a coalgebra with structures compatible 
with the braiding. Examples of braided bialgebras arises as bialgebras in braided 
monoidal categories. 

In |Arj . the structure of primitively generated connected braided bialgebras A 
with respect to the braided vector space {P, c) consisting of their primitive elements 
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is investigated. The braided vector space (P, c) is endowed with a suitable K- 
hnear map b : E {P,c) ^ P and the datum (P, c, b) is called a braided Lie algebra 
(ordinary Lie algebras can be understood as a particular case of this notion). Here 
E (P, c) denotes the space of primitive elements of the tensor algebra T (P) having 
degree at least two. When the Nichols algebra of (P, c) is obtained dividing out 
the tensor algebra T{P) by the two-sided ideal generated by E{P,c), in [Ar] it is 
shown that A can be recovered as a sort of universal enveloping algebra U (P, c, b) 
of the braided Lie algebra (P, c, b). As an application of this construction, in [Ar] it 
is proved that if ^ is a connected braided bialgebra such that the graded coalgebra 
grA associated to the coradical filtration is a quadratic algebra with respect to its 
natural braided bialgebra structure, then, see Theorem 13.21 A is isomorphic as a 
braided bialgebra to the universal enveloping algebra U (P, c, b) of the braided Lie 
algebra (P, c, b) of primitive elements of A. It is remarkable that in this context the 
Nichols algebra B (P, c) is a quadratic algebra. 

Motivated by this observation, in this paper we investigate the structure of 
braided Lie algebras {V, c, b) whose Nichols algebra is quadratic as an algebra and of 
the corresponding universal enveloping algebra U {V,c,b). First, in Theorem 13. !![ 
we prove that when the Nichols algebra is quadratic, then the universal enveloping 
algebra simplifies as follows: 

T{V,c) 



UiV,c,b) 



((ld-/3) [E^{V,c)]) 



where /3 : E2 (V, c) — > V is the restriction of b to the space E2{V,c) — E (P, c) n 
y(g)2 _ j^gj. _|_ jd^^^a), so that the datum (V, c, /?) completely encodes the structure 
of the universal enveloping algebra and it is called a quadratic Lie algebra (QLie 
algebra for short), see Definition l3.5l Thus it is natural to write Uq (V, c, (3) instead 
of U {V,c,b). Now, in Lemma [3.151 we prove that, under the further assumption 
that the braiding c is root of a polynomial f £ K [X] of the form / = {X -\- l)h 
where h E K [X] is such that ^(—1) 7^ 0, then (3 : E2 (V, c) ^ y is completely 
determined by the map (3 := l3h{c) : V V ^ V. Moreover, by Remark 13.161 we 
have the following further simplification 

Uq {V,cJ) = ^z)-p{z)\z€V<»^)' 

Thus, as above, the datum (V, c, /3) completely encodes the structure of the universal 
enveloping algebra and it is called a lifted quadratic Lie algebra (lifted QLie algebra 
for short), see Definition 13.121 so we will write Uq {V,c,(3) instead of Uq (y,c,/3). 

In Section IH we classify up to isomorphism all lifted QLie algebras {V, c, (3) 
such that dim (V^) < 2 and dim (Im/?) = 1, under mild assumptions (the case 
dim (Im/3) = 2 is partially treated in the Appendix [A]). The corresponding envelop- 
ing algebras are also described explicitly in the main Theorem 14.41 As an applica- 
tion, in Theorem 14.91 we study primitively generated connected braided bialgebras 
A with braided vector space of primitive elements (P, c) such that the Nichols alge- 
bra B (P, c) is a quadratic algebra and c is root of a polynomial f G K [X] having 
— 1 as a simple root. Such an A is isomorphic to the universal enveloping algebra 
Uq {V,c, (3) of a suitable lifted QLie algebra {P,c,l3) constructed on {P,c). Thus 
the previous results apply. 

We point out that many computations of this last part of the paper have been 
handled with the help of the Computer Algebra System AXIOM |AX) . 
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2. Preliminaries 

Throughout this paper K will denote a field. All vector spaces will be defined 
over K and the tensor product of two vector spaces will be denoted by (g). 

Theorem 2.1. Let V be a vector space. Given a K-linear map a acting on the 
space V"®', then we will denote by ai then K-linear map V"®*^^ ® a ® yn-i-i+i 
acting on the space ]/®", n>l + i—l. 

Definition 2.2. Let ^ be a vector space over a field K. A X-linear map c : 
V ®V ^ V ®V is called a braiding of V if it satisfies the quantum Yang-Baxter 
equation 

(2.1) C1C2C1 = C2C1C2 

onV ®V ®V, where ci ■= c®V and C2 :— V ® c. The pair {V, c) will be called 
a braided vector space (or yi?-space). A morphism of braided vector spaces 
{V, cv) and {W, cw) is a X-linear map f : V ^ W such that cw{f®f) — {f®f)cv- 

A general method for producing braided vector spaces is to take an arbitrary 
braided category (tU, (g), K, a, Z, r, c), which is a monoidal subcategory of the cate- 
gory of K-veciov spaces. Hence any object V E M can be regarded as a braided 
vector space with respect to c := cyy- Here, cx.y : X (^Y ^ Y X denotes the 
braiding in M. The category of comodules over a coquasitriangular Hopf algebra 
and the category of Yetter-Drinfeld modules are examples of such categories. More 
particularly, every bicharacter of a group G induces a braiding on the category of 
G- graded vector spaces. 

Definition 2.3. |Baj The quadruple {A,mA,UA,CA) is called a braided algebra 
if 

• {A,mA,UA) is an associative unital algebra; 

• {A, ca) is a braided vector space; 

• niA and ua commute with ca, that is the following conditions hold: 

(2.2) CAimA (E)A) = {A^ mA){cA «> A){A (g) ca), 

(2.3) CAiA (g) ttia) = (rriA (SA){A(S ca) {ca (g A), 

(2.4) ca{ua A) = A (g) UA, ca{A (g) ua) = UA (E) A. 

A morphism of braided algebras is, by definition, a morphism of ordinary algebras 
which, in addition, is a morphism of braided vector spaces. 

Definition 2.4. The quadruple {G,Ac,£c,cc) is called a braided coalgebra if 

• {C,Ac,£c) is a coassociative counital coalgebra; 

• (C, cc) is a braided vector space; 

• Ac and sc commute with cc, that is the following relations hold: 

(2.5) (Ac (g G)cc = (C cc)icc ® C){G « Ac), 

(2.6) (G (g Ac)cc = (cc ® C)(C (g cc)(Ac ® G), 

(2.7) {ec<EG)cc = G<gec, {G <g ec)cc = ec G. 

A morphism of braided coalgebras is, by definition, a morphism of ordinary coal- 
gebras which, in addition, is a morphism of braided vector spaces. 

Definition 2.5. }Ta[ Definition 5.1] A sextuple [B,mB,UB, A.b,£b,cb) is a called 
a braided bialgebra if 
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• {B, mB,UB, cb) is a braided algebra 

• {B,Ab,Sb,cb) is a braided coalgebra 

• the following relations hold: 

(2.8) Asms = {niB <E) mB){B (g) Cb (E) B)(Ab «> A^). 

Definition 2.6. We will need graded versions of braided algebras, coalgebras and 
bialgebras. A graded braided algebra is a braided algebra {A,mA,UA,CA) such 
that A = 0„gN^" and mA(^™ » A") C for every m,n e N. The braiding 

CA is assumed to satisfy ca{A"^ ® A^) C A" (g) A™-. It is easy to see that 1^ — 
UA (lif) € A^ . Therefore a graded braided algebra is defined by maps m™'" : 
^™ ^" ^™+n and c"^" : ^" ® A" ^ A" A™, and by an element 1 G A" 
such that for all n, m,p G N, a e A" 



(2.9) m:^+™'P(m:^^'" ® A^) = mY"^P{A'' ® m™'^), 

(2.10) mY{l®a)^a^rnf{a®l), 

(2.11) c^^+^^f (m^^'" ® A^) = (Af ® m;^^"')(c;^'^' A™)(^" (55 c^'^, 

(2.12) cY^^^^iA^ ® m"^'P) = (m^^f ® A")(A" ® c;^''')(c:^''" AP), 

(2.13) c5i"(l «) a) = a® 1 and c^^°(a 1) = 1 (g) a. 



The multiplication uia can be recovered from {rri^™)n,meN as the unique ii'-linear 
map such that mA{x (g y) = m^'*(x g) y), for all p, g € N, x G AP,y e Analo- 
gously, the braiding ca is uniquely defined by ca {x(gy) = c^'* (a; g) y) , for all p, g G 
N, a; G AP,y g A''. We will say that m^'™ and c^'™ are the (n, m)-homogeneous 
components of V and ca, respectively. 

Graded braided coalgebras can by described in a similar way. By defini- 
tion a braided coalgebra {C,Ac,ec,cc) is graded if C = 0„gNC'", Ac(C"') C 
Ep+g=„ ® cc(C" (g C") C C" (g) C" and ec|c„ = 0, for n > . If ttP 
denotes the projection onto CP then the comultiplication Ac is uniquely defined 
by maps A^"^ : Cp+« (g C«, where A^"? := (tt^ (g 7r«)Ac|cp+i. The counit is 

given by a map ■ ^ while the braiding cc is uniquely determined by a 
family (cJi.''")„,mgN, as for braided algebras. The families (A^'™)„^mgN, (cp'")„,meN 
and Sq has to satisfy the relations that are dual to (|2.9p - l|2.13p . namely for all 



(2.14) {Air ® CP )A;^>+'"''' - (C" ® A^'^')A^''"+^ 

(2.15) (4 ® C")A^"(c) = c = (C" ® 4)Ac'°(c), 

(2.16) (CP (g A^^'")c^+"'f = (4^f ® C™)(C" (g c;^'f )(A^''" (g ), 

(2.17) (A"^'"' (g C")c^'™+P = (C" (g %'^)(c^'™ (g C"')(C" (g A^^^'), 

(2.18) (4 C)ccic (g d) = £c(rf)c = (C (g £c)cc(d c). 



We will say that A^"^ is the (n, m)-homogeneous component of Ac. 

A graded braided bialgebra is a braided bialgebra which is graded both as 
an algebra and as a coalgebra. 

Definition 2.7. Recall that a coalgebra C is called connected if Co, the coradical 
of C (i.e the sum of simple subcoalgebras of C), is one dimensional. In this case 
there is a unique group-like element Ic G C such that Cq = Klc- A morphism 
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of connected coalgebras is a coalgebra homomorphisms (clearly it preserves the 
grouplike elements). 

By definition, a braided coalgebra (C, cc) is connected if Cq Klc and, for 
any x G C, 

(2.19) cc{x iSi Ic) = ^ X, ccilc ® x) = X iSi Ic- 

2.1. The universal enveloping algebra. In this subsection we recall some defi- 
nitions and notations from lArl. 



Definition 2.8. Let T :— T(y,c) and set 

EiV,c) :=0£;„(y,c) 

neN 

where 

{0 ifn = 0, 1, 

n ker (a:^'*') if n > 2. 
a,b>l ^ ' 

a-\-h—n 

The elements of E (V, c) are the primitive elements in T of degree greater then 1 
(cf. [23 Lemma 3.3]). Note that E2 (F, c) = ker (a^^) = ker (c + Idy»2). 

Claim 2.9. It is easy to check that the braiding ct of the tensor algebra T ■.= T (V, c) 
induces for all u e N maps 

CE.iv.c)^^- ■■ Et {V, c) ® ^ ® Et {V, c) , 

Cv^^^E,iv,c)-V'~''^(g>EtiV,c) £;i(T^,c)®T/«". 

Thus we can define the following maps 

CB(y,c),y«" : = CE,iv,c),v^^ ■ E {V, c) (g> F®" ^ V^^ (g> E {V, c) , 

cv^^,Eiv,c) ■■ ^^cv^^,E,(v,c)--V''"(g>EiV,c)^E{V,c)(g>V^^. 
teN 

Definition 2.10. A (braided) bracket on a braided vector space {V,c) is a if- 
linear map b : E {V,c) ^ V such that 

(2.20) c{b®V) ^ {V (g}b)cE(v,c),v c{V ®b) = {b®V)cv.E(v,c)- 

The restriction of b to i?t (V", c) will be denoted by 6* : Et {V, c) — > V. 

If 6 is a bracket on a braided vector space {V, c) , then we define the universal 
enveloping algebra of (V, c, b) to be 

which, by [AMSH Theorem 6.3], is a braided bialgebra quotient of the tensor algebra 
T {V, c) . Note that is always a bracket on {V, c) so that it makes sense to define 
the symmetric algebra of (V, c) by setting 

SiV,c):=UiV,c,0) = ^^^. 

We will denote by nu : T{V,c) ^ U{V,c,b) (resp. tts : T{V,c) 5'(V,c)) the 
canonical projection and hy iu '■ V ^ U {V, c, 6) (resp. is : ^ (1^, c)) its 
restriction to V. 
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Definition 2.11. [Arl Definition 5.6] We say that {V,c,b) is a braided Lie alge- 
bra whenever 

• {V, c) is a braided vector space; 

• b : E {V,c) ^ V is a bracket on {V, c); 

• the canonical if-linear map iu : V ^ U {V, c, b) is injective i.e. 

V n kcr (ttu) = ker (iu) = 0. 

Claim 2.12. Let (V,c) be a braided vector space and let T = T{V,c). By the 
universal property of the tensor algebra there is a unique algebra homomorphism 

r"^ : T {V, c) T" {V, c) 

such that rj^ = Idv, where T'^ (V, c) denotes the quantum shuffle algebra. This is 
a morphism of graded braided bialgebras. The Nichols algebra of (V, c) is defined 

by 

B(r.c) = i„.(r-).llll:). 

3. General results on quadratic algebras 

We recall from |Man[ page 19] the definition of quadratic algebra. 

Definition 3.1. A quadratic algebra is an associative graded /•C- algebra A ~ 
®„gN^" such that: 

1) AO = X; 

2) A is generated as a if -algebra by A^\ 

3) the ideal of relations among elements of A} is generated by the subspace of 
all quadratic relations R{A) Q A^ ® A^ . 

Equivalently A is a graded if-algebra such that the natural map tt : T/^ (v4^) A 
from the tensor algebra generated by A} is surjective and ker(7r) is generated as a 
two sided ideal in Tk{A^) by ker(7r) n \A^ ® A\ 

Theorem 3.2. Theorem 9.5] Let (A, ca) be a connected braided bialgebra 

such that the graded coalgebra associated to the coradical filtration is a quadratic 
algebra with respect to its natural braided bialgebra structure. Let {P,cp,bp) be the 
infinitesimal braided Lie algebra of A. Then B {P,cp) is a quadratic algebra and A 
is isomorphic to U {P,cp,bp) as a braided bialgebra. 

Theorem 13 . 21 justifies our interest in the study of the universal enveloping algebra 
of braided Lie algebras {V, c, b) such that B {V, c) is a quadratic algebra. Examples 
of braided vector spaces {V, c) such that B {V, c) is a quadratic algebra can be found 
e.g. in [MS] and in |AG2j . By |AS3| Proposition 3.4], another example is given by 
braided vector spaces of Hecke-type with regular mark. 

3.1. Quadratic Lie algebras. In this subsection we introduce and study the no- 
tion of quadratic Lie algebra: we will see that this notion completely determines 
the universal enveloping algebra of a braided Lie algebra. 

Definition 3.3. A quadratic bracket (Qbracket for short) on a braided vector 
space {V, c) is a if-Hnear map (3 = (3y : E2 (V, c) ^ V such that 

(3.1) C/?! = P2<^E2(V,c)y C^2 = PlCv,E2{V,c)- 



QUADRATIC LIE ALGEBRAS 



7 



A morphism of Qbrackets is a morphism of braided vector spaces f : {V,cv) ^ 
{W, cw) such that / o Py = j3y^ ° {f ® f) ■ For any braided vector space (V, c), we 
set 



E2 C) = {E2 (F, C)®V)C^{V® E2 {V, C)) = {Z e I Cl (Z) = -Z = C2 (z)} . 

Remark 3.4. Let : i?2 (^^, c) — > V" be a Qbracket on a braided vector space [V, c) . 
Then 

(3.2) (^1 - ^2) (e2{V,c)) C i?2 (F, c) . 
In fact, let z e (y",c). Then 

C(^l-^2)W = C^i(z)-C^2W 

''^ /32CB2(V,c),y (2) - PiCv.,E2{V,c) {z) 
= ^2W-^lW- 

Definition 3.5. A quadratic Lie algebra (QLie algebra for short) is a tern 
{y,c,'P) where 

• (y, c) is a braided vector space; 

• /3 : £'2 (V, c) ^ is a Qbracket such that 

(3.3) I3{A-P2) {E2iV,c)) -0. 

Note that l|3.3p makes sense in view of l|3.2p . 

A morphism of QLie algebras / : (y,cv,Pv) ^ {^tCw , Pw) t>y definition a 
morphism of Qbrackets / : {V,cv) {W,cw)- 

If is a Qbracket on a braided vector space (V, c) , then we define the quadratic 
universal enveloping algebra of (V, c, ^ to be 

Un (V,c,P) := -. 

^ ((ld-/5)[i?2(F,c)]) 

Mimicking the proof of [Arl Theorem 3.9], one easily verifies that Uq {V,c,^ is 
indeed a braided bialgebra quotient of the tensor algebra T (V, c) . Note that 
is always a Qbracket on (V, c) so that it makes sense to define the quadratic 
symmetric algebra of (V, c) by setting 

S,iV,c):^U,iV,c,0) = ^^^. 

We will denote by ttuq : T{V,c) —> Uq iV,c,b) (resp. ttsq : T{V,c) Sq {V,c)) 
the canonical projection and by iu^ : V Uq (V,c, 5) (resp. isq : V ^ Sq (V,c)) 
its restriction to V. 



Remark 3.6. Let {V, I®!* = /5) be a "braided Lie algebra" in the sense of [Gul 
Definition 1]. Then /3 is a map from V®V ioV where V is an object in the braided 
monoidal category 21 defined therein. Hence the braiding of 21 induces a braiding 
on V that we denote by c. Suppose / := E2 (V,c) = ker(c + Idv®2) (for instance 
this is what happens in [Qui bottom of page 325] where V' plays the role of our V , 
see also |Ar[ Example 9.6]) Then condition in Gurevich's definition means that 
Sq {V, c) is a Koszul algebra. Condition 1 yields that (3 is completely determined 
by its restriction to /. Condition 2 entails that (|3.3p holds. Condition 3 tells that 
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/? is a morphism in 21 so that (3 is compatible with the braiding of 21 whence it is a 
Qbracket. Summing up we get that (F, c, /?) is a QLie algebra such that Sq (T^,c) 
is a Koszul algebra. Note also that Uq {V, c, /3) (g) in Gurevich's sense. 

Claim 3.7. Let (V, c) be a braided vector space and let /3 : E2 {V, c) ^ V be a 
Qbracket. Set 

T T {V, c) and Uq := Uq {V, c, h) . 
Let ttjjq '-T ^ Uq he the canonical projection. By construction tti/^ is a morphism 
of braided bialgebras. Set T^" := ®o<t<nV"®* and 

Then (C/^)„gji} is both an algebra and a coalgebra filtration on Uq, which is called 
the standard filtration on Uq. Note that this filtration is not the coradical filtration 
of Uq in general. Still one has U^ — ttuq (T-") C tt^/q (T„) C (Uq)^ where T„ and 
(Uq)^ denote the n-th terms of the coradical filtration of T and Uq respectively. 
Denote by 

U' 

gr'([/Q) :=©„gNT77^. 

the graded coalgebra associated to the standard filtration, see [Swl page 228]. 

If /? = 0, then Sq {V, c) — Uq {V, c, 0) is a graded bialgebra of the form Sq {V,c) — 
(Bti^nSq {V,c). The standard filtration on Sq {V,c) is the filtration associated to 
this grading. 

Proposition 3.8. Let (3 : E2 (V,c) ^ V be a Qbracket on a braided vector space 
(y,c). Then gr' {Uq (F, c, 6)) is a graded braided bialgebra and there is a canonical 
morphism of graded braided bialgebras 9 : Sq{V,c) gr' (f/g (V, c, 6)) which is 
surjective and lifts the map 9i :V ^ U{/Uq : v 1-^ ttuq (v) + Uq. 

Proof. It is similar to the proof of [Ar^ Proposition 5.14]. □ 

Theorem 3.9. Let (3 : E2 (V, c) ^ V be a Qbracket on a braided vector space (V, c). 
Then B (V, c) is a quadratic algebra if and only if Sq (V, c) = B (V, c). // this holds, 
the following assertions are equivalent. 

(i) : V Uq (V,c,'P) is injective. 

(ii) Vnkev^TTu^) =0. 

(iii) The canonical map : S{V,c)^ gr' {Uq {V, c,]3)) of Proposition\3M IS an 
isomorphism of graded braided bialgebras. 

(iv) induces an isomorphism between V and P (Uq (y,c, /?)) . 

Proof. Clearly B {V, c) is quadratic if it coincide with Sq {V, c). On the other hand, 
if B (y, c) is quadratic, we get 

ker (F^) = (ker (P^)) = {ker (c + Idym)) = {E2(V,c)) 

and hence Sq {V,c) — B{V,c). Prom this equality, one gets that P {Sq {V,c}) = 
is {V) . Using this equality the proof is similar to that of |Ar[ Theorem 6.3]. □ 

Theorem 3.10. Let (3 : E2{V,c) ^ V be a Qbracket on a braided vector space 
(y,c). Assume that the Nichols algebra B(V,c) is a quadratic algebra. Then 
(y, c, ^ is a QLie algebra whenever iuq ■ V Uq ( V, c, /?) is injective. The 
converse is true if B (V, c) is Koszul. 
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Proof. Let P (id - /3) [E2 {V, c)] . 

Assume that iu^ : V Uq (V, c, /3) is injective. We have to prove that p. 31 



holds. Let z G E2 {V,c), then 
V 9 ^(/3i-/32)(z) = (/3-Id)(^i-^2)(z) + (^i-Id)(z) + (ld-/32)(z) 
e P + P(E)V + V (SP Cker {t:uq) . 

By Theorem [331 we have V n ker (ttuq) = so that ^ (^1 - ^2) (^) = 0. 

Conversely, assume that (V, c, /?) is a QLie algebra and that B {V, c) is Koszul. 
By Theorem I3.9[ iuq '■ V Uq (y,c,^ is injective if and only if the canonical 
map : S' (V, c) — > gr' (Uq {V, c, /3)) of Proposition 13.81 is an isomorphism of graded 
braided bialgebras. This means that P < K®V®V'^'^ is of PBW type in the sense 
of [BGj. By [BGl Theorem 0.5], P is of PBW if and only if 

(3.4) PnT^i=0; 

(3.5) {T^^ ■ p -T^^) nr^^ = P. 

Let us prove that (|3^ is always true. Let 7 := Idy®2 : E2 {V,c) V®V'^'^. 
Then Ini (7) = {l - J) {E2 {V, c)) ^ P. Let y e P H T^^. Then y = 7 (x) for some 
X € E2 (y, c) so that 

K ®V = T'^'^ 3 y ^ {Id-P) (x) ^x-'^{x) g V®'^®V. 

Thus X = and hence y = 7 (x) = so that p.4p is always true. Let us check that 
([33]) is equivalent to l(5l2| and l(33| . We have 

P = (Id - [E2 (V, c)] ^{x-^ix)^xeE2 (V, c) } . 

The conclusion follows by applying |BG| Lemma 3.3] to the case a = b and /3 — 
0. □ 

Theorem 3.11. Let {V, c, b) be a braided Lie algebra such that B {V, c) is a quadratic 
bra. Then (V, c, 6^) is a QLie algebra and U (V, c, 6) — Uq {V, c, 6^) . 



Proof. By definition 

C/ (y, c, 6) := M^ ^nd ?7q (F, c, 6^) ^ 



((Id-6)[i?(y,c)]) ((Id-62)[S2(y,c)])- 

Since (id - 5^) [i?2 [V, c)] C (Id - b) [E {V, c)] , there is a braided bialgebra homo- 
morphism tt : Uq {V, c, 5^) U {V, c, b) which is surjective and such that tt o iu^ — 
iu- By Definition 12.111 we have that iu is injective so that iuq is injective too. 
Clearly 6^ : E2 {V, c) — > F is a Qbracket. Hence, by Theorem 13. 9[ iuQ ■ V 
Uq {V, c, 6) induces an isomorphism between V and P {Uq {V, c, bj) . Thus, by |Mo| 
Lemma 5.3.3], tt is injective being injective its restriction to P {Uq {V,c,b)). In 
other words, U {V, c, b) = Uq {V, c, 6^) . By Theorem [gTTOl {V, c, 6^) is a QLie alge- 
bra. □ 

3.2. Lifted quadratic Lie algebras. We will see that the notion of quadratic Lie 
algebra naturally leads to the equivalent notion of lifted quadratic Lie algebra. 

Definition 3.12. A lifted quadratic Lie algebra (lifted QLie algebra for short) 
is a tern (V, c, /?) where 

• {V, c) is a braided vector space; 
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• (3 : V iSiV ^ V is a map such that 
(3.6) cPi = /32C1C2, c/32 = (3iC2Ci, 



(3.7) f3{/3i-(32)[E2{V,c)) 

(3.8) /3c = -/3, 



0, 



where 



E2 (y, c) = (£2 {V, c)®v)r\{v® E2 (V, c)) = {z e 1 = -z = c2 {z)] . 

Lemma 3.13. Let W be a vector space and let c £ End{W) . Assume there are 
a,l3 £ K [X] he such that a{c) o (3 (c) = and gcd {a, /3) = 1. Then 

i) Ini(a(c)) =ker(/3(c)); 

ii) Im {a (c)) ® Im (/3 (c)) = VK. 

Proof. Since GCD(q;, /?) = 1, there are a', P' & K [X] such that a'a + (3' (3 = 1. 

i) Clearly Im {a (c)) C ker {(3 (c)) . Let z e ker {(3 (c)) . Then 

z = [a' (c) o a (c) + /?' (c) o /3 (c)) (z) = a (c) [a' (c) (z)] € Im (a (c)) . 

ii) From aa' +(3(3' = 1 we deduce Im (a (c))+Im {(3 (c)) — W. Let w G Im [a (c))n 
Im (/3 (c)) . Then w = a (c) (z) for some z W, whence 

z = a' (c) a (c) (z) + (3 (c) /?' (c) (z) = a' (c) (u;) + (3 (c) /?' (c) (z) e Im (/3 (c)) . 

Thus w = a{c) (z) = as a (c) o /3 (c) = 0. □ 

Notation 3.14. Let (V,c) be a braided vector space and assume that c is root of a 
polynomial f <E K [X] having —\ as a simple root. In this case we will write 

f={X + l)h 

where he K [X]. Note that gcd {X + l,h) = l as h (-1) ^ 0. 

Lemma 3.15. Let (V, c) be a braided vector space. Assume that c is root of a 
polynomial f & K [X] having ~1 as a simple root. 

Then, the assignment (3 ^ (3h (c) yields a bijection between the following sets. 

• B ^ {]3 : E2{V,c) \ {V,c, P) is a QLie algebra) . 

• B ^ {(3 -.V ®V \{V,c,(3) is a lifted QLie algebra} . 

Proof. Let (3 £ B. Since, by Lemma [3.13^ E2 (V, c) = Im(ft,(c)), it makes sense 
to define (3 : V ®V ^ V,P{z) ='ph{c) (z) . Let us check that (3 & B. For every 
z e V®'^, we have 



c(3i (z) = c(3^h{c)^ (z) ^ (i2CE2{v,c).vh (c)^ (z) = (32CiC2h (c)^ (z) *^ (32CiC2 (z) . 



In a similar way one proves that c(32 — P1C2C1 holds. Let z € E2 iV,c). We have 

PiPi~P2){z) = ph{c){l3,hic),~P2h{c)2){z) 
= h{-l)Mic)(i3,-l32){z) 

h{-lfp{P,-P,) (z) 

0. 



J3jl 
i33J 



Let z G we have 

(3{c + Idv82) (z) = ^/i (c) (c + Uvm) (z) = ^/ (c) (z) = 0. 
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Hence it makes sense to define (p : B ^ B,ip (jTj — (3. 

Conversely, let (3 E B. Since, by Lemma [3.131 Im(c+1) = ker (/i(c)), from 
(|3.8p we get that there is a unique map /? : Im (h (c)) — E2 (V, c) V such that 
Ph (c) = /3. 

Since gcd {h,X + 1) = 1, there are r,s e K [X] such that 1 = hr + s {X + 1) . 
Let z e E2{V,c) (^V ^ ker (ci + Idym) . We have 

c/3i (z) = c/3i [ft. (c)^r(c)^ +s(c)j (ci +Idy®3)] (z) 

= c/3i/i (c)^ r (c)^ (z) = c/5ir (c)^ (z) ^ P2CiC2r (c)^ (z) 

= /^a/i (0)2 ciC2r (c);^ (z) ^ (32CiC2h (c)^ r (c)^ (z) 

= /32C1C2 [/i (c)^ r (c)^ + s (c)^ (ci + Idy»3)] (z) = P2C1C2 {z) 

= f32CE2{V,c).V (z) 



Similarly one proves that 0^2 = PiCv.E2(v,c)- Let z € E2 {V, c). We have 

^ ^(/3i-^2)(z) 

= /3/i(c)(^ift(c)i -^2/1(0)2) (z) 

= ft(-l)^ft(c)(^i-^2) W 

Since 1) 7^ 0, we get /3 (/^^ — /?2) (z) — 0. Hence it makes sense to define 
ip : B ~* Bjip (/3) — p. The uniqueness of /3 implies that and are mutual 
inverses. □ 

Remark 3.16. With notations of Lemma 15. 151 li (3 & B, we have 

^ ((Id-/3)[i?2(y,c)]) 
{{ld~ (3)h{c) (z) I z e 

{h{c) (z)-/3(z) I ze F®2)- 
Definition 3.17. The previous remark justifies the following notation: 

T{V,c) 



Uq{V,c,(3) 



(h{c) (z) -/3(z) I z G 



Theorem 3.18. Let A be a primitively generated connected braided bialgebra and 
let (P, c) be the braided vector space of primitive elements of A. Assume that the 
Nichols algebra B [P, c) is a quadratic algebra. We have that 

1) if (3 is the restriction of niA to E2{P,c), then (P, c, ^ is a QLie algebra 
and A is isomorphic to the universal enveloping algebra Uq{P,c, (3) ; 

2) if c is root of a polynomial f E K [X] of the form f = {X + l)h where 
h{~l) 7^ and (3 = mAh{c), then {P,c,l3) is a lifted QLie algebra and A is 
isomorphic to the universal enveloping algebra Uq {V,c,P). 
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Proof. 1) Let (P, c, h) be the infinitesimal braided Lie algebra of A. Then, by |Ar| 
Theorems 9.3 and 6.5], we have that A is isomorphic to the universal enveloping 
algebra C/(P, c, b) as a braided bialgebra, where h{z) = m^^(z) for all z S i?t(P, c). 
Set ^ := 6^. Then ^ is the restriction of tua to E2{P, c). By Theorem [3lT| (P, c, ^ 
is a QLie algebra and U (P, c, 6) — Uq (P, c, /3) . 

2) By 1) and Lemma [3.15| we can consider the lifted QLie algebra {V, c, (3) where 
13 = Phic) . By Remark [316l Uq (P, c, = Uq {V, c,(i). □ 

Lemma 3.19. Let (V,c) he a braided vector space and let (3 : V(^V V satisfying 
^) and fl3j. Then 

/3(/3i+/32) [e2{V,c))=0. 
Therefore, if char (K) — 2 then 113. 7]) holds whence {V, c, /3) is a lifted QLie algebra. 
If char (K) ^ 2, then ^3. 7]) holds if and only if (3(3i {^E2 (V, c)^ = if and only if 

(3P2 (E2 {V, c)) = 0. 

Proof. Let z G E2 (V,c). Then 

(z) = /3/3iC2Ci (z) /3c/32 {z) ^ {z) . 

□ 

3.3. Categorical subspaces. 

Definition 3.20. [Khl 2.2] A subspace L of a braided vector space (V, c) is said to 
be categorical if 

(3.9) c{L^V)CV(»L and c{V ^L) <Z L^V. 

Lemma 3.21. Let (V, c) be a braided vector space and let P :V (^V be such 

that 113. 6)) holds. Then L = Im(/3) is a categorical subspace of V . Furthermore, 
if(y,c,P) is a lifted QLie algebra, then {L,cl,(3l) is a lifted QLie subalgebra of 
(y,c, /?) where cl and (3l are the obvious restrictions of c and (3 respectively. 

Proof. We have that 

cl3x = I32C1C2 ^ c{L®V) CV ® L, 

cf32 = (3iC2Ci^ c{V ® L) Q L®V. 

Assume that (V, c, /?) is a lifted QLie algebra. Then, by the foregoing c{L® L) C 
L ® L so that Cl : L ® L ^ L ® L \?, well defined. The conclusion follows. □ 

Proposition 3.22. Let {V,c,'P) be a QLie algebra with V finite dimensional. Then 
c has a minimal polynomial f . Moreover «/ / (— 1) ^ then Uq (V, c,]Tj ~T (V, c) . 

Proof. The first part is clear. Assume / (—1) ^ 0. Then god {f,X + l) = l so that 
c + Idy»2 is invertible by Bezout identity. Therefore E2 {V, c) ~ ker (c + Idy»2) = 
whence Uq {V,c,]3) = T {V,c). □ 

Next proposition will be used to normalize (3 if necessary. 

Proposition 3.23. Let {V,c,l3) be a lifted QLie algebra and let \ £ K. Then 
{V,c,\(3) is a lifted QLie algebra. Moreover Aldy : (y,c, A/3) {V,c,(3) is a 
morphism of lifted QLie algebras which is an isomorphism whenever A 7^ 0. 

Proof. It is straightforward. □ 
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4. Low DIMENSIONAL CASES 

The main aim of this section is to classify Hfted QLie algebras {V, c, f3) such 
that dim (V) < 2 and /3 ^ 0, under mild assumptions. We will complete the 
classification in case dim (Im/3) — 1. The case dim (Im/3) = 2 will be partially 
treated in the Appendix [Al 

4.1. Dimension 1. In this subsection we treat the case dim {V) = 1. 

Proposition 4.1. Assume char (K) ^ 2 and let {V,c,P) be a one dimensional 
lifted QLie algebra. Then /? = 0. 

Proof. Let V — Kx. Then /S {x x) = Aa; for some X ^ K. Assume A 7^ 0. Now 
c{x x) = ^x ® X for some 7 € We have 



— Aa; = —(3 {x ® x) = (3c {x ® x) — 7/3 [x ® x) = 7AX. 

From this we get A (7 + 1) = which implies 7 = — 1 whence c = — Idv»2. Then, 
from p.6p . we have —j3i — (32 which implies 

— Aa; ®x = — /?! [x ® X ® x) = (32{x ® X ® x) — Xx ® X. 

Since char [K) 7^ 2, we get A = 0, a contradiction. □ 

4.2. Dimension 2. In this subsection we treat the case dim {V) = 2. 

Corollary 4.2. Assume char (K) ^ 2 and let (V,c,(i) be a lifted QLie algebra. If 
L := Im/3 is one dimensional, then (3{L ® L) =0. 

Proof. By Lemma [3.21l (i, cl, is a lifted QLie subalgebra of {V, c, (3) . By Propo- 
sition |4]T1 we have /3l = 0. □ 

Now we introduce some notation that will be needed afterwards. 

Notation 4.3. We take the following assumtions and notations. 

• K is a field such that char [K) ^ 2. 

• (V, c) is a two dimensional braided vector space. Chosen a basis xi,X2 for 
V and taken xi xi, X2 xi,xi 1^ X2, X2 X2 as a basis fo V (^V , we will 
write 

/„11 „21 „12 „22\ 

/ "-ll "^11 "-ll "-11 \ 

„11 „21 „12 „22 

'-21 "^21 ^-21 '-21 

„11 „21 „12 „22 

C12 C12 C12 C12 

\ „11 „21 „12 „22 / 

\'-22 '-22 ''22 '-22/ 

i.e. c {xi (g) Xj) — cf^Xi Xi + C21X2 Xi + CY2X1 X2 + C22X2 ® X2 . 

• (3 :V(^V is a nonzero map such that {V,c,(i) is a lifted QLie algebra. 
With the same basis as above we will write 

^"U" Pf 

i.e. (3(xi® Xj ) — xi + (32 X2 . 

• c has minimal polynomial f E K [X] of the form f = {X + l)h for some 
he K[X] such that h (-1) ^ 0. 

Inside the proof of next result, several computations have been handled with the 
help of the Computer Algebra System AXIOM [AXj . 
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Theorem 4.4. Assume dim(Ini/9) — 1. Then, there exist a basis xi,X2 for V and 
J £ K such that c, (3, Uq {V,c,f3) and f take only one of the canonical forms (up 
to an isomorphism of lifted QLie algebras) in Table\^ Moreover, if c and j3 are as 
in any of the cases of Table\^ then {V,c,l3) is a lifted QLie algebra. 



Uq{V,c,P) 



- 1 



- 1 



X'^ - 1 



[X^ - \)X 



(X^ - 1)X 



(X^-l)(X-7) 



{X^-l)(X-l) 



/I 0\ 

10 

10 

\0 1/ 

/I 1 -1 0\ 
10 
10 

\0 1/ 

/-I 7\ 
10 
10 

\ 1/ 

/I 7 \ 
10 
10 

\0 -1/ 

/O 1 0\ 

10 

10 

\0 1/ 



0\ 

7 

7"^ 

\0 1/ 



/7 0\ 
10 
10 

Vo 1/ 

/I 7\ 
10 
10 

\0 1/ 



1-10 




1-10 




1-10 




1 




1 -1 




1 




1 




1 




-7 




-1 




-1 




T(V,c) 



T(V,c) 



T(V,c) 
{xif, 
3:2X1 —xi3:2+^l 



T(V.c) 
^2X1 —X-IX2, 
-/(xif-2(x2f-xi 



T(V,c) 

((xi)^— X2a:i+a:iX2 + a;i^ 



T(V,c) 
( — -fX2X-i-\-xiX2+"fxi) 



T{V,c) 

(^{l + l)(x2Xi-xiX2)-xi^ 



Table 1. Lifted two dimensional QLie algebras with dim(Im/3) = 1. 
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Remark 4.5. The first case is the unique ordinary two-dimensional Lie algebra in 
char (K) ^2. 

Proof. First we will show that we can reduce to one of the cases in Table [H 

By hypothesis dini(Im/3) = 1. Choose Xi G F such that L := Im/3 = Kxi. 
Complete xi to a basis xi, X2 of V. By Lemma [3.211 L is a categorical subspace of 
V so that c {L V) <Z V L, c {V ^ L) <Z L V and c{L® L) <Z L® L. Moreover, 
by Corollarv l4.21 we have I3\^ = 0. These facts imply that c and (3 take the following 
form: 



(4.1) 



■-11 




'12 



/„11 
/ Cll 




\ 
We need the following result. 

Lemma 4.6. We have —0^^ 
then + = 0. 



„22 
-21 
„22 
--12 
„22 
-22 y 















/3 



12„21 
t-12 



and —(3 



12 



^12 



1(3'^'^. Moreover, if c\\ ^ 0, 



Proof. We have 



so that = /31 



21 



(3c {X2 ® Xi) cfliS^'^xi, 



and 



)X2) = pc(Xi 



al2U 21 
P C]^]^C]^2'*'l 



/3 (x2 (Xi xi) 
/3(xi 

/312 ^ gi2^2i_ Moreover 
I xi = P2C1C2 C 



N IHl 12^21 
'X2) = C21P 



1 X2 



c/3i (xi (g) a;2 (8) xi) 
cj}/3^^xi (g) xi. 



If cll ^ 0, we get /Ji^cfi 



12 



CASE 1) Assume cH ^ 0. 

By Lemma l4!6t c and /3 take the following form: 



(4.2) 





Cll 


Cll 


cll\ 








„12 
C2I 


„22 
C21 





„21 
C12 





„22 
C12 










„22 / 
C22/ 



(3-- 



13^^ 












□ 



CASE 1.1) Assume 0^^ = 0. Then, since dim (Im/3) = 1, we have (3'^'^ 7^ so that, 
by Proposition 13. 23[ we can assume = 1. 

Using l(3^ . we get c^^ -1. 

Using the left-hand side of l|3.6p . we get C21 — 1. 

Using the right-hand side of l|3.6p . we get cH — 1, C12 — 1, cf} = 0. 



Using the left-hand side of l|3.6p . we get c}i = 0. 
Using l|2.ip . we get C12 = C21. In conclusion we have 



(4.3) 










1 



-1/ 



''21 
„22 
^21 



f3 
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With the basis change in V given by xi 



/I 



Vo 








C2^a;'j/2 + x'2 we arrive at 



-V 



iovg= {cf^) /2 + cll Hence we are in the fourth case in TablelH In fact, if 5 7^ 0, 1 
and S K then one can choose t — l/y^. Otherwise choose t = 1 and j — g. 

CASE 1.2) Assume ^ 0. Then, by Proposition [3231 we can assume 

Using fall) , we get c?^ = 1 = clj. 

Using the left-hand side of l|3.6p . we get cH ^0,cll 

Using the right-hand side of l|3.6p . we get = 0. 

Using l|3.8p . we get /3^^ = 0. In conclusion we have 



= 1. 



(4.4) 



/„ii 




VO 



„21 

Cll 


1 





„12 

^11 

1 






„22 
Cll 



We point out that c and /3 as in 
CASE 1.2.1) Assume cfj ^ c\l 
Using (|21|) . we get cff = 0, c}} 

tion). 






131) always fulfill 



JM and (EJ 



1 



„12 
Cll 



_^21 
Cll 



(this implies c^j 7^ by assump- 



With the basis change in V given by xi — x[/cll,X2 — x'2 we arrive at the second 



case in Table [H 

CASE 1.2.2) Assume 



11 



'11 • 



CASE 1.2.2.1) Assume cl\ = 1 



Using l|2.ip . we get cl\ = 0. 

CASE 1.2.2.1.1) If cll = 0, we are in the first case in Table [H 

CASE 1.2.2.1.2) If cll ^ 0, we are in the eighth case in TableHl In fact, if cH ^ 1 



g K then, with the basis change in V given by xi — x[/y 



and \ 

we can reduce to the case cfl = 1. 
CASE 1.2.2.2) Assume c}} = -1. 
With the basis change in V given by xi 



21 



reduce to the case c^i 
fact, if cfl 0,1 and 



^12 



,X2 = -x[c(\/2 



^2: 



we can 



0. Now we are in the third case in Table [H In 



'cli e K then, with the basis change in V given by xi 



^22 



1. 



we get I 

1) x[,X2 



,22 



^21' 



X2 we reduce 



x[/yU!fl,X2 = x'2, we can reduce to the case 

CASE 1.2.2.3) Assume c\\ ^ ±1. Using jM 
With the basis change in V given by xi = (cj} - 
to the seventh case in Table [H 

CASE 2) Assume c\\ = 0. By Lemma l46l we have 

(4.5) = ^ ^ 0. 

CASE 2.1) 7^ 1- Let us prove that this case does not occur. 
CASE 2.1.1) = 0. By gH) we get /^^^ = 0. In this case, since dim (Im/3) 
by Proposition 13.231 we can assume = 1. 
Using Ip^ . we get c^ = -I- 

Using the left-hand side of l|3.6p . we get = and C21 = 1. 
Using the right-hand side of l|3.6p . we get a contradiction. 
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CASE 2.1.2) ^ 0. By Proposition [323 we can assume /J^^ = 1. 
Using the left-hand side of l|3.6p . we get Cji = 0. 
Using l|3.8p . we get a contradiction. 
CASE 2.2) ci = 1. 

CASE 2.2.1) ^ 0. By Proposition [S^Sl we can assume /J^^ = 1. 
Using {aH) and we obtain /J^i ^ and (3^^ ^ 0. 
CASE 2.2.1.1) ^ _^2i^ 
Using (1331), we get c^2 = 1 = c-lf. 

Using the left-hand side of i|3.6p . we get a contradiction. 
CASE 2.2.1.2) ^12+^21 _^ Q_ 

With the basis change in V given by xi = l3^^l3^^ (/J^^ + /jsi^ ^/^^^^ ^ ^12^21^/^ _,_ 
x'2 we reduce to the following CASE 2.2.2). 

CASE 2.2.2) /322 = 0. By Proposition ^23 we can assume = 1. 
CASE 2.2.2.1) ^ _i_ 

Using l(3^ . we get c\\ = l^ cH and C21 = cf^- 
Using the left-hand side of l|3.6p . we get = 0. 
Using l(2TT1) . we get c^i = -c]lc\\. 

CASE 2.2.2.1.1) c}i = Ci}. With the basis change in V given by xi = x\,X2 = 
—x'lcll + x'2 we reduce to the seventh case in Table [T] for 7 = 0. 
CASE 2.2.2.1.2) c}^ ^ cfl. With the basis change in V given by 

x^^x[/{cil-cll) 

X2 = -x[cll/{cll-cll)+x'2 

we are in the fifth case in Table [H 
CASE 2.2.2.2) ^ -1. 
Using we get cH ^ 0. 

Using the left-hand side of l|3.6p . we get cl\ = — 

Using 1(3^ and (|4?5l) . we get c?^ = and hence cH = -/S^^ q. 

Using the right-hand side of l|3.6p . we get elf — 0. 

Using l(2rT1) and cf^ 7^ 0, we get cH = 0. 

Using l|3.8p . we land in the sixth case in Table [TJ 

We have so proved that there exists a basis xi,X2 for V and 7 € if such that 
c, P and / take one of the canonical forms (up to an isomorphism of lifted QLie 
algebras) in Table [H One easily checks that the minimal polynomials are those 
listed. 

Let us check that the braided vector spaces in Table[T]are not mutual isomorphic. 
Clearly if the minimal polynomials are different, the corresponding braided vector 
spaces can not be isomorphic. 

Consider a generic basis change a : V ^ V given by xi = aisx'i + 02,1X2, X2 = 
ai,2x'i + a2.2x'2 hence 

\a2,i 02,2/ ' 

Denote by c' and P' the matrices corresponding to c and P in the new basis. Note 
that d = [a® a)o CO {a~^ ® a"-^) and = a o /? o {a~^ ® ■ 
Case A) (5 is as in the fourth case in Table [H 

Then P' has zero lower row if and only if 02,1 = 0. This condition implies 

^/O ai,i/(a2,2)'\ 

^0 ; ■ 
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Hence the fourth case in Table [T] is not isomorphic to any other. 
Case B) f3 is as in the sixth case in Table [H 

Since 7 7^ 1 and a is invertible, then /?' has zero lower row if and only if 02,1 = 0. 
This condition implies 

\2\ 



1/02,2 -7/^2,2 ai,2 (7 - 1) / (02.2)' 




Hence, since 7 7^ 1, the sixth case in Table [T] is not isomorphic to any other. 
Case C) /? is of the form 



1 -1 




Then takes the same form if and only if 02,1 — and a2,2 — 1- Let c be one of 
the braiding corresponding to /3 as in Table [TJ Then c and c' take the form 



/x y 



1 

\0 



w 
1 





z 



1/ 



and 



X y 

1 







w 
1 










where 



y 

w' 



ai,iy + aia [l - x) , 
fli^iu) + ai,2 {I - x) , 



z' = {ais) z - ai, 101,2?; - ai,iai,2W - (ai,2) (1 - a:) • 

Clearly each of the first, the third, the fifth and the seventh case in Table [His 
only autoisomorphic. 

Finally, the invariance of the minimal polynomial shows that the second and the 
eighth cases in Table [1] are only autoisomorphic too. 

Let us prove that, if c and (3 are as in any of the cases of Table [U then (V, c, (3) 
is a lifted QLie algebra. It is straightforward to check that all of them fulfills 
(|2.ip . p.Sp and l|3.6p . It remains to prove that they verify also (|3.7p i.e. that 

I3{Pi-P2)(e2{V,c)) =0. 

If c and fi are as in the first case of Table [H then 

E2 {V, c) = Im (c — Idv/®2 ) ~ K {x2® xi — xi® X2) 

T{y,c) 



so that E2 (V, c) = whence l|3.7p is satisfied. We have 

T(t/,c) 



Uq{V,c,(3) := — 

((c - lavm) [z] - p[z) \ z ^ 

If c and (3 are as in the second case of Table [J, then 

E2 (V, c) = Im (c — Idy»2 ) = K {xi ® xi — X2 



so that E2 (F, c) = whence l|3.7p is satisfied. We have 



{X2XI - X1X2 + Xi) 

5 xi + a;i (8) 0:2) 
T{V,c) 



{{C-Idy^.){z)-(3{Z)\Z€V®^) 

If c and (3 are as in the third case of Table [H then 



+ a;ia;2 — X2X1 — xi 



r 



E2 {V, c) = Im (c — Idym ) = Kxi xi (B K {x2 <^ xi — xi 1^ X2) 
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SO that E2 {V, c) = Kxi(g>xi(g)Xi. We have that Pi (^^2 {V, c)j = = P2 (^^2 {V, c)j , 
so that 113.71) is satisfied. We have 



((<;-Id„.)(»)-,3(j)|J6V'«^) / 

\ a;2a:;i — 2^12:2 + xi 
If c and P are as in the fourth case of Table [U then 
E2 {V, c) = Im (c — Idy»2) — K (7x1 (g) 21 — 2x2 ® X2) ® K {x2 ® xi — xi® X2) ■ 
We have /3 - ;92) = so that l(3?7|) is satisfied. We have 



((c-Idy»2)(z)-/?(z) I ze / x2a;i-a;iX2, 

V 7(a;i)^ - 2 (x2)^ - xi 

If c and /3 are as in the fifth case of Table [H then 

E2 (V", c) — Im (c^ — c) = i^T (xi (g) xi — a;2 (Xi xi + xi (g) X2) 



so that E2 (V, c) = whence l|3.7p is satisfied. We have 



((c2 - c) (z) - ;3 (s) h 6 V'«2) (-,^^,2 _ ^^^^ ^ ^^.^^ ^ ^^>| 

If c and (5 are as in the sixth case of Table [H then 

E2 {y^ c) = Im (c^ — c) — K (7x2 (g) xi — xi (g) X2) 
so that i?2 (V, c) = whence l|3.7p is satisfied. We have 

T{V,c) _ T{V,c) 



UQiV,C,P): ((^2_c)(^)„^(^) I ■[/®2) („^^2Xl+XiX2+7Sl)' 

If c and l3 are as in the seventh case of Table [H then 

E2 {V, c) = Im((c - Idy»2) (c - 7ldy«2)) = isT (x2 (g xi - xi (g X2) 



so that E2 (V, c) = whence l|3.7p is satisfied. We have 

TiV,c) 



Uq{V,c,P) 



((c - Idy»2) (c - 7ldy»2) (z) - /5 (z) I z e V^^) 

r(y,c) 



((1 + 7) (X2X1 - X1X2) - Xl) 

If c and /? are as in the eighth case of Table [H then 

£;2(F,c) = Im((c-Idy«2)^ 



Now E2 {V, c) = K (x2 Xl — Xl X2) so that E2 {V, c) = whence p.7p is satis- 
fied. We have 

T(y,c) 



((c-Idv.«2)' (z)-/3(z) I ze 
T{V,c) 



( 2 (X2X1 - X1X2) - Xl ) 

□ 
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Next result is useful in conjunction with Theorem 13.91 
Theorem 4.7. Let (V, c) be any braided vector space as in TafcZed Then: 

• in all cases but 7 one has Sq {V, c) — B [V, c) if and only if char(isr) — 0; 

• in case 7 one has Sq {V,c) = B{V,c) if and only if char(i^) = and 7 is 
not a root of unity. 

Proof. Let Sq := Sq{V,cq) where cq is the canonical flip map and set Aq Ag^. 
Set S := Sq (V, c). First note that S = B{ V, c) if and only if P (5) = Kxi + Kx2. 

Suppose char(iC) = 0. Then, by jAMSll Theorem 2.17], for (F,c) as in the cases 
1,2,3 and 4 of TablelH we get S = B{V, c). 

Let us concern the cases 5, 6 and 7 of Table [TJ Then c has matrix of the form 



(qi q 





'\ 





qi2 





(721 








[0 





92/ 



where (721 



qi2 and q2 



= 1. Then 



E 



0<t<n 



(x'®x?-') 



so that 



Aix'l^xT) 
A{x-^)A{xT) 

E 

0<ti <ni 
0<t2<n2 

E 

0<ti <ni 
0<t2<n2 

E 

0<ti <ni 
< ia < «2 

E 

< ii < ni 
< < 



91 



91 



91 



:(4 



m— ti 



(ni-ti)t2 ti 



912 



"1 —ti \ „n2— 12 



92 



(rii-ti)t2 
^12 



'1 ■''2 



"1 -^2 



92 



so that 

A{x-^xT) = 



E 

< tl < Til 

< ia < na 



(ni-ti)t2 ti t2 



912 



X Xn X 
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Let n > 1 and z e P {S) D Sn- Then 

r — \ " \ ^ni„n2 

^ — / ^ ^ni,n2'''l ■^2 • 

< Til, 712 

ni + n2 = n 
Then z(8)l + l02; = A(2;) rewrites as 

53 A„i,„,a;"^a;2' (g) 1 + 1 (g) ^ 

< ni, 712 < ni,n2 

ni + n2 — n ni + n2 — n 



^ni,n2-^l 



^ ^ •^ni.n2 ( , ) ( J. ) 9l2 ^ 2; 2^X2^ (gX^^ ^X. 

< Til, 772 



?^1 + = ?^ 

< < m 

< t2 < "2 

Since tt. > 1 we can always find a couple (ti, t2) 7^ (0,0), (tii, 712) so that we get 



Since char(if ) = and in case 7 one has that 7 is not root of unity, we get 
A„i,n2 — 0. Hence z = 0. We have so proved that P (S) n S'„ = {0} for all 77 > 1. 
Hence P (S) = Kxi + Kx2 so that S = B{V,c). 

Let us consider the eighth case of Table [TJ Let us prove inductively that 

(4.6) c {x2 (g X2) = X2 ®X2+ n^xiX2~^ (g) xi. 

For 77 = there is nothing to prove. For n > we have 

c{x2®X2'^'^) = C{X2®X2X2) 

= (777(g)S')(S'(g)c)(c(g)S')(x2(g)a:2(g)X2) 

= X2C{X2® X2) + ^Xic{xi® X2) 

= X2^'^ ® X2+ n^X2XiX2~^ (gl Xi + 7X1X2 (g Xi 

= X2^^ (gX2 + (77+ 1)7X1X2 (gXi. 

For 71 > 0, let us prove there exist at(7i) e K such that 
A (x^) = Mnh' {x[ g) x*i) Ao (x: 



n-2t^ 
2 J 



0<t 



where we assume x^ := for i < 0. 

For 77 = we get at{0) = 6tfi. For n = 1, one easily get at(l) = St.o- Let n > 1 
and assume the statement is true for n. First we compute 



(l(gX2) Ao(x^) = ["^j (l(gX2) (x*2 (gX 

E 



2 j 



0<i<m 

' 771 

7 



0<i<m 



C (X2 (g X2) X™ * 
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(T)< 



0<i<m 



m 
, i 

0<i<m ^ 

' m 

i 



E 



^2 



0<i<m 



+7 (xi (g) xi) y [ ■ ]ix 



Ki<m 



= (l(8)a;2)-So®So Ao(x^) + m7(a;i«)a;i)Ao(x^ ^ 

so that 

(4.7) (1 (g) X2) Ao (x^) = (10 xs) -so^so Ao (x^) + m7 (xi ® xi) Aq (x™"^) 
We have 

Ax^i 
= (Ax2) (Ax^) 

= (a;2 (8) 1 + 1 (8) 3:2) ^ a* (n)7* (x* 8) x{) Aq {x^' 
\o<t 

( Eo<tat(")7'(2;2® l)(xi(8x*)Ao(xr") 
V + Eo<t «t W7* (1 ® X2) {x{ ® x\) Ao (x^'-2*) 
Eo<t«*(")7*(^*i^2;*)[(x2®l)Ao(xr2*)] 
I + Eo<t W7* (a^l ® a;* ) [(1 ® X2) Ao (^r^*)] 

Eo<t W7* (a^i ® x\) [{X2 ® 1) -SoSSo Ao (x^'*)] 
+ Eo<t «t(")7* (2^*1 «) ) [(1 ® X2) -So^So Ao (a^r'*)] 
+ Eo<t «t W7* (a^i ® A) [in - 2t) 7 (xi xi) Ao (x^^*"^)] 
^o<j at(n)7* (x* (g) xi) [(x2 ® 1 + 1 «) X2) -So^So Ao (a;^^*)] 
+ Eo<t - 2i) 7*+' ® x\+') Ao (xr^*-!) 

Eo<t«tW7* (a;l®x*)Ao (x^^-^*) 
+ Eo<t Mn) [n - 2t) 7*+i {x[+' ® x*+i) Aq (x^ 



"-2 J 



Eo<t «*(")7* (a;*i ® Ao (x'2'+i-2*^ 



^0<t"*V'V)' V-^l ^ -^1^ ^0 V^2 

- Ek. a,^i{n) in + 2- 2s) Y i^l xf ) Ao (x^+^^^s^ 



Eo<t + 1)7* (4 ® A) Ao (x^^-'*) 



where 



Q;((n + 1) 



at{n) ii t — 0, 

atin) + at-iin) {n + 2 - 2t) if <> 0. 

Since ao{0) = 1 we get ao{n) — 1 for all 71 > and, since for all t > 0, at(l) 
one easily get at(n) = whenever n < 2t. 
Now we have 

A{xTxT) = A{xT)A{xT) 
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o<t 

E "*(^2)7* ® ^i) ^ K') {xT^'') 

0<t 

E«*("2)7* H [Ao K^) .5o«So Ao (x^-'*)] 

0<t 

at(n2)7* ® X*) Aq {x^xr'^') . 



0<t 



Let n > 1 and z e P {S) n Sn- Then 



„"1 ^,"2 



< 71l,7l2 

ni + 712 = n 



'\ni,n2X]^ ^2 



Then z(g)l + l(8)z = A(z) rewrites as 

< rii, ^2 < ni, n2 

rii + 712 = n rii + 71.2 = n 

^ A„„„,at(n2)7* (x* ® Aq {x^x^-^') 

< rii, 712 
rii +712 
< t 

Note that 

(4.8) {xl®x\) Aoix'l'x^'-^') = 

E 

< ii < ni 
< 12 < n2 

Since n > 1 we can always find a couple {11,12) 7^ (0, 0) , (ni, 712) so that we get 

J / / n2^ 



ni W "-2 
ii / V«2 



■^1 X2 ^ X-|^ 



An 



,at(n2)7 



^lJ \«2 



= 0. 



For t = 0, since char(i\r) — 0, we get Xni,n2 = 0- Hence z = 0. We have so proved 
that P (S) nSn = {0} for all n > 1. Hence 

P (5) = Kxi + Kx2 

so that S = B{V,c). 

Conversely, suppose S — B{V,c). Then P {S) = Kxi + Kx2. By contradiction, 
suppose char(_fir) = p for some prime p > 2. In the cases 1, 2, 4 and 8 of Table 
[U we get that x\ £ P {S) , a contradiction. In the remaining cases we get that 
X2 & P (S), a contradiction. Note that in case 3 the proof uses that 

A (x^) = Ao fe") + Q 7 (xi ® xi) Ao (xr 2) 
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that can be proved in a similar way as in the other impUcation. 

In case 7, if char(_ft') = and 7 is a primitive i-root of unity for some t > 0, then 
t > 2 (as 7 7^ ±1) and we get x\ £ P {S), a contradiction . □ 

Corollary 4.8. Let (V, c) he any braided vector space as in Table d Then the 
equivalent conditions of Theorem \3.9\ are fulfilled whenever Sq (V, c) = B (V, c). 

Proof. It is enough to observe that condition (ii) of Theorem 13.91 holds for all (V, c) 
as in Tabled □ 

Theorem 4.9. Let A be a primitively generated connected braided bialgebra and let 
(P, c) be the braided vector space of primitive elements of A. Assume the Nichols 
algebra B (P, c) is a quadratic algebra and c has minimal polynomial f ^ K [X] 
of the form f — {X + 1) h for some h E K [X] such that h (—1) 7^ 0. Set (3 := 
mAh{c). Then {P,c,l3) is a lifted QLie algebra and A is isomorphic to the universal 
enveloping algebra Uq (V, c, /3) . Moreover assume 

1) char(X) ^ 2; 

2) P is two dimensional; 

3) dim (Im/3) = 1. 

Then, there exists a basis xi,X2 for P and ^ ^ K such that c, j3, Uq (P, c, (3) and f 
take only one of the canonical forms (up to an isomorphism of lifted QLie algebras) 
in Tafofed 

Proof. The first part follows by Theorem 13.181 and the second part by Theorem 

1131 □ 

Appendix A. Further results 

Although we don't have a complete classification in case dim (Im/3) — 2 yet, in 
this section we include a partial result that can help in this direction. 

Theorem A.l. //dim (Im/3) — 2, then dimlm (c + Idv/(82) — 2. 

Proof. Assume dim (Im/3) = 2. Then (3 is surjective so that dimlm {h (c)) > 2. 

Since /i(-l) ^ 0, by Lemma [3TT31 Im(c + Idv»2) ©Im (/i(c)) = V^^ in view 
of the standing hypotheses in Notation 14.31 Since V is two-dimensional, we have 
three cases namely dim Im (c + Idy»2 ) ~ 0,1,2. The first case does not occur. In 
fact, dimlm (c + Idy»2) = implies c= —Idym- By l|3.6p . we get /Si = —P2 which 
entails (3 = 0, a contradiction. 

Let S : Im (c + Idy®2 ) Im(c + Idv'»2) be the restriction of c + Idym. Let 
PS E K [X] be the minimal polynomial of 5. Then f \ ps ■ {X + 1) . 

dimlm (c + Idy®2) = 1) In this case deg (ps) = 1 so that ps = X — q for some 
q£ K and f ^ {X -q){X + 1). 

We need the following lemma. 

Lemma A. 2. ker (/3) = Im (c + Idy8>2) ® [ker (/3) n Im {h (c))] . 

Proof. Since dimlm (c + Idy»2) = 1 we get Im (c + Idv'8>2) = Kvi for some vi e 
{0} . By ([XS)) . vi e ker (/3) . Since /3 is surjective, one has 

V = lm{(3) ~ y®Vker(/3) 

so that dim ker (/3) = 2. Hence we can complete vi to a basis vi,V2 of ker (/3). Now 
v'2 e V^^ = Im (c + Idy»2)©Im {h (c)) so that ^2 = avi+V2 for some V2 € Im {h (c)). 
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Moreover V2 ~ ~avi + G ker whence V2 G ker (/3) n Im {h (c)). Clearly ui, V2 
is a basis for ker (/3) . □ 

In view of Lemma |A.2[ we have that ker (/?) has a basis vi,V2 where vi G 
Im(c + Idy®2) = ker (/i(c)) = ker (c — gldy»2) and V2 € [ker fl Im (/i (c))]. 
Complete V2 to a basis V2,V3, V4 of Im (/i (c) ) — ker (c + Idy »2 ) . Clearly vi , , ^3 , V4 
is a basis of y®^. We set a;i := (3 (v^) and 0:2 := P {V4). Obviously xi,X2 is a basis 
of 

Suppose a;i a;i ^ Im (/i (c)) . Then xi(^ xi,V2, fs, ^4 is a basis of V'^'^. Thus for 
each i,j G {1, 2} there are ^J'"* S K such that 



Clearly ^^^'^ = Si^t- Now 



(c + Idy »2 ) {Xi ^ Xj) = ^^'^ (c + Idy®2 ) (xi (g) Xi ) , 

/3 {xi (g) Xj) = ^i'-'/? (xi (X) xi) + ^3^x1 + ^4^x2. 

By setting (c + Idy»2) (xi (8) xi) = and /? (xi (g) xi] 

we get 



c (xi (8) X j ) 

P (xi (g) Xj) 

In matrix form we have 



-Xj <E)Xj + ^ Ci'^v'^'^Xm 



Cs^Xi +^4^X2. 



(A.l) c 



/-I 
0-10 

0-1 

\ 






V 






-V 


u^.i 

-2,2 



\ 




1 


1 


A 


/ 




1 


1 


1 


1 






1 


1 


1 


1 






V 


1 


1 


V 


V 



1 

ei 


Vo 











2,1 
1 











(.1.2 














and 



/3 = 



4^^^ Cs^'^ 

el'' 



f2,2 

S3 
^2.2 

?4 



+ 



1111 
1111 



/I 








M 



















f 1,2 

Si 
















We set 

1 :— identity 4x4 matrix, 

S := diag{l,Cl'^e^^^^^} and 

:= 4 X 4 matrix with 1 in each entry 

moreover, we set := VUE. 
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Now 

/ (c) = (c - gldv®2 ) (c + Idy«2 ) = 

M[M - iq+ 1)1] =0 

<^ VUE [VUE - (g + 1) 1] = 

^ V [Zx/SVZi - (g + 1) Z./] S = 0. 

It is straightforward to check that 

(A. 2) UDU = Tr (D) ■ U, for each diagonal matrix D. 

By ((Ar2|) . we have U'E.VU -{q+l)U = xU where x Tr (SV) - (q + 1) . Hence 

V[U'E.VU - (g+ = xVZ^S = xM. 

Since c + Idy»2 7^ 0, we have that M is not zero so that V \U'E.VU — (g + 1) Z^] S = 
is equivalent to a; = 0, i.e. to 

/'».2,lc2,l I „, 1,2^1, 2 , „,2,2e2,2 



(^2,1^2,1^ ^1.2^1,2 ^^2,2^2, 



Hence we can apply this substitution. Then one easily gets that (|3.8p is equivalent 
to the following extra conditions 



1 ^ ( 2,lf2,l , 1,2/-!. 2 I 2,2f2,2> 



3 



These conditions force /3 = 0, which is a contradiction (we performed the compu- 
tation by means of [AX]). 

Clearly also assuming X2®X2 ^ Im {h (c)) one gets a contradiction. In conclusion 
we can assume xi Xi S Im {h (c)) for each i £ {1, 2} . Then c and (3 take the form 



/-I cl\ c\\ 0\ 

cl\ 41 
41 c\l 



and /9 = 



Pi' df /3P /3P 
/32" 0f 



We distinguish between different cases. 

CASE 1) 7^ 0. In this case, by Proposition 13. 23^ we can assume (5^ = 1. 
Using the left-hand side of l|3.6p . we get (3^ = 0, c{\ = 1, 0% = 0. 
Using the right-hand side of l|3.6p . we get a contradiction. 
CASE 2) = 0. 

Using the left-hand side of l|3.6p . we get P\' = 0. 

CASE 2.1) 01^ ^ 0. In this case, by Proposition [3231 we can assume /3p = 1. 
Using the left-hand side of l|3.6p . we get c\\ = 0, cj^ = 0, = 0. 
Using the right-hand side of l|3.6p . we get a contradiction. 
CASE 2.2) pf = 0. 

Using the left-hand side of l(3^ . we get Pl^ ^Q. 

CASE 2.2.1) Pf- ^ 0. In this case, by Proposition [322 we can assume Pf = 1. 
Using the left-hand side of l|3.6p . we get cW = 0, c{\ = 0. 
Using the right-hand side of l|3.6p . we get a contradiction. 

CASE 2.2.2) Pf = 0. Since dim (Im/3) = 2 we have Pl'^ ^ 0. By Proposition 
13.231 we can assume P^ = 1. 

Using 1(3^ . we obtain cfl = 0, = -1- 
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Using the left-hand side of l|3.6p . we get Pf^ = which contradicts the condition 

dim (Im/3) = 2. □ 
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